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The principal resonance of a Duffing oscillator to combined deterministic and
narrow-band random parametric excitations is investigated. In particular, the case in which
the parametric terms share close frequencies is examined. The method of multiple scales
is used to determine the equations of modulation of amplitude and phase. The behavior,
stability and bifurcation of steady state response are studied by means of qualitative
analyses. Jumps are shown to occur if the random excitation is small. The effects of
damping, detuning, and magnitudes of deterministic and narrow-band parametric
excitations are analyzed. The theoretical analyses are verified by numerical results.
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1. INTRODUCTION

Most physical excitations exhibit a randomly fluctuating character and contain a wide
spectrum of frequencies, which may result in severe vibrations. Due to the highly
unpredictable trends of these natural hazard excitations, it is necessary to have some
stochastic formulations to describe them. As they can be fully characterized by probability
density functions or certain statistical measures, the method of random vibrations has a
wide range of applications to practical engineering problems.

However, most of the researchers in our field concentrate their attention on the response
of system only under random external excitation. There are many phenomena in which
parametric and self-excited vibrations interact with one another. Examples are
flow-induced vibrations and vibrations in rotor systems. So, the study of the random
parametric excited systems are more important than that of random external excited ones,
and are theoretically more difficult especially when the excitations are narrow-band
random processes [1]. In the case when the systems are excited by combined deterministic
harmonic and wide-band random processes, Stratonovitch and Romanoviskii [2],
Dimentberg et al. [3], and Namachchivaya [4] used the method of random averaging and
Khasminskii to investigate the almost certain stability of the system. The moment stability
was discussed by Ariaratnam and Tam [5], and Dimentberg [6] investigated the response
of the systems. Until now, the analyses of the responses and stability of non-linear systems
under combined deterministic and narrow-band random excitation have not been
investigated.

In this paper, the principal resonance of a Duffing oscillator to combined deterministic
and narrow-band random parametric excitations is investigated. In particular, the case in
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which the parametric terms share close frequencies is examined. The method of multiple
scales is used to determine the equations of modulation of amplitude and phase. The
behavior, stability and bifurcation of steady state response are studied by means of
qualitative analyses. Jumps are shown to occur if the random excitation is small. The
effects of damping, detuning, and magnitudes of deterministic and narrow-band
parametric excitations are analyzed. The theoretical analyses are verified by numerical
results.

2. GENERAL ANALYSIS

Consider the Duffing oscillator under combined deterministic and narrow-band random
parametric excitations

i+ efu + o*(u + eaw’) + e(E(t) + hocos Qo t + ko sin Q Hu = 0, (1)

where dots indicate differentiation with respect to the time ¢, ¢ is a small parameter, f and
w are stiffness coefficient and natural frequency respectively, o represents the density of
the non-linear term, /4, and k, are constants, Q, is the frequency of the deterministic
harmonic excitations, and £(¢) is a narrow-band random process which is governed by the
following equation:

E()=NcosQ t+ k,sin Q ¢, 2)

where hy = hy (et), ki = ki (et) are slowly varying stationary random processes with zero
means. Model (2) represents a wide kind of narrow-band random excitation. For example,
the zero-mean Gaussian narrow-band random process could be obtained by filtering a
white noise through a linear filter [7]

Expl+Qie=Jrw, 3)

where €, is the center frequency of £(¢7) and 7y is the bandwidth of the filter. The
autocorrelation function of the white noise W is given by

Ry (1) = 215, 6(z), 4)

where S, is the spectrum constant of W and 9 is Dirac delta function. The spectrum density

function of £(¢) given by equation (3) is
yQiS,

(@ — 0?) + oY

2—>TES()5(91), 'y—>0

Substituting equation (2) into equation (3) and performing deterministic and stochastic
averaging of the equations for the modulations of /, and k, [8, 9], one obtains

I +%/’l1 :\/gWI
k[ +%k1 = \/g Wz. (5)

The white noise components W, and W, are independent and their autocorrelation
functions are given by equation (4). The autocorrelation functions of 4, and k, are

Ry, (1) = Ry, (1) = mSy exp(—3 [t]). (6)
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The correlation time of /; and k, is of o(1/y). This means that for a sufficiently small value
of v, Iy and k; are slowly varying functions of time.

The method of multiple scales [10] has been widely used in the analysis of deterministic
systems. Rajan and Davies [8], Nayfeh and Serhan [9] extend this method to the analysis
of non-linear systems under random external excitations. In this paper, the multiple scale
method is used to investigate the response and stability of system (1). Then, a uniformly
approximate solution of equation (1) is sought in the form

u(t, e) =uy (To, Ty) + ey (Lo, Th) + - - -, (7

where T, = ¢ is a fast scale and T, = ¢ is a slow scale.
Since /1, and &, are slowly varying functions of time, one obtains

hl = h] (T]), k] = k] (T])

By denoting Dy = 0/0T, and D, = 0/0T), the ordinary-time derivatives can be transformed
into partial derivatives as

d d?
&:DO—FSD], @:D(%—FZSD()D]

Substituting equation (7) into equation (1) and equating coefficients of like powers of ¢,
one obtains

Diuy + 0’uy = 0, (8)

Diu, + w*uy = —2Dy Dy ug — BDo Dy ug — (E(2) + ho cos Qo t + ko sin Q Huy — aw’ug.  (9)
The general solution of equation (8) can be written as

uy (To, T\) = A(T)) exp(ioTy) + cc, (10)

where cc represents the complex conjugate of its preceding term, and A(T3) is the slowly
varying amplitude of the response. Hence, equation (9) becomes

Diu, + o’uy = —2iwA’ exp(ioT,) — iopA exp(ioTy)
— aw’A? expBinT,) — 3uw?A%4 exp(ioTy)

— % (h() — lko) eXp[i(Qo =+ (J))To] — g_ (h() — lk()) exp[i(Qo — CI))TQ]

— % (h] — lkl) eXp[i(Ql + G))To] — %_ (h] — lkl) eXp[i(Q1 — Q))To] + cc, (11)

where the prime stands for the derivative with respect to 7 and the overbar stands for
the complex conjugate. Any particular solution of equation (11) contains secular terms,
which are generated by the first, second and fourth terms on the right-hand side of
equation (11). Moreover, it may contain small-divisor terms dependent on the resonance
conditions. From the sixth and eighth terms on the right-hand side of equation (11), it is
clear that resonance occurs when Q, ~ 2w, or Q, ~ 2w, or both conditions apply. In what
follows we shall investigate the principal resonances of the system (1), in which Q, and
Q, are either far apart or close to each other.

3. PRINCIPAL PARAMETRIC RESONANCE I

Here we consider the case of principal resonance when Q, ~ 2w but Q, is far from Q.
Introducing the detuning parameter ¢ as follows



486 H. RONG ET AL.
b = 2w + €0, (12)
one has
(Qy— )Ty =Ty + oT.

Using the above equation, we can transform the small-divisor term which arises from
expli(Q2o — w)T] in equation (11) into a secular term. Then, eliminating the secular terms
yields

2imA’ + ifwA + 30w?A*A + 1 A(hy — iko) exp(icT)) = 0. (13)
Expressing 4 in the polar form
A(T\) = a(T) expliop(T1)]. (14)

Substituting equation (14) into equation (13) and separating the real and imaginary parts
of equation (13), one obtains

Y ~ osi
a = 2a+4w(kocosn ho sin 1)

(15)

an’ = oa — 3awa’® — % (ho cos n + ko sin i),

where =0T, —2¢p. Equations (15) are the first-order equations governing the
modulation of amplitude and phase. After solving a and 5 from these equations, the
first-order uniform expansion of the solution of equation (1) is given by

u= A(T)) exp(ioT,) + cc + O(e)

=a exp|:i<wT0 + % T, — g)] 4+ cc + O(e)

=a exp[i(%o t— g)} +cc+ 0(e)

= 2a(et) cos [%0 t— n(st)} + O(e). (16)

2

3.1. STEADY SOLUTIONS AND THEIR STABILITY

It is obvious that equations (15) have a solution a = 0, which corresponds to the trivial
steady state response. Non-trivial steady state responses correspond to the non-trivial fixed
points of equations (15). That is, they satisfy «" =0, " =0, a # 0, and are given by

B :i(ko cos  — hy sinn)

o — 3awa® = i (ho cos 1 + ko sin 7). 17)
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Eliminating sin # and cos# from equations (17) yields the frequency response relation

2 2 202 |12
1 [ai;a n+ k3 4wﬁ}. (18)

a:ﬁ 3o 4w?

It can be shown that non-trivial steady state solutions exist, at most, in a finite interval
of the detuning parameter ¢. Indeed, from (18) the region of existence of non-trivial steady
state response is given as follows

n + k3 > 40’2, (19)
when o > 0, and

I + ki — 40’p’

40)2 b (20)

there is a trivial steady state response, together with a non-trivial steady state response
whose stability needs further investigation. When « > 0, and

h + ki — 4o*p?
%’ (21)

there is a trivial steady state response together with two non-trivial steady state responses
which may be stable or unstable.

Only stable responses can be observed in the number simulation. To determine the
stability of the trivial steady state response, it is convenient to rewrite 4 in the form

A = (x+ iy)exp(icT) /2). 22)

Then equation (13) is equivalent to the following equations
(B ke o, 3 2 2
X _<_2+4w X3 150 ) mre0 + 00y

y'= <_;+$)>X+ <_[2g_ﬁ>>y+3aw(x2+y2)x 23)

The stability of the trivial solution 4 = 0 of equation (13) is the same as that of equation
(23). The linearization of equation (23) at (0, 0) is

v = <_;+ﬁ;>x+ (‘g_ﬁ)}" Y

The eigenvalues of the coefficient matrix of equations (24) are

) | T ——
Iis = —g + o \/h(; + ki — 4o’w?. (25)
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Figure 1. The parameter area of the steady state solution.

The trivial solution is asymptotically stable if the real parts of 4; (i = 1, 2) are less than
zero, and it is unstable if at least one of the real parts of 4; is larger than zero. As a result,
we conclude that the trivial solution of equations (23) is stable if and only if

5 + ki < 40 (f* + o?). (26)

To determine the stability of the non-trivial steady state responses given by (18),
equations (15) are used. Let

a=a,+ ai, n="no+ N, 27

where (ao, 10) is given by (17), and a;, 1, are perturbation terms. Substituting equations
(27) into equations (15) and neglecting the non-linear terms, one obtains the linearization
of the modulation equations (15) at (ao, #o)

’

a,

a .
—ﬁ (ko sin 1o + ho oS 7o)n,

, 1 .
ni = —6oawa, a — 30 (ko cos 1o — ho sin no)n;. (28)

Area l

/ Area lll

Figure 2. Frequency response of Duffing system: ——, stable solution; ——, unstable solution.



The eigenvalues of the coefficient matrix of equations (28) are

Figure 3. Response of Duffing system: ——, stable solution; ——, unstable solution.

)\.1’2 = 7% + %\/‘82 + 60(61(2)(11() COS 1o + k(; sin 1’[()).
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(29)

If (hy cos 1o + ko sin 1) is positive, the non-trivial steady state solutions of equations (15)
are always unstable. From equations (17) one obtains

§(t)
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ho cos Ny + ko sin ny = 2w (o — 3oway).
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Figure 4. Time history of (7). (a) y = 0-02; (b) y =0-1; (c) y =0'5; (d) y = 1-0.
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So, if equations (19) and (20) both take place, equations (15) may have one
stable non-trivial steady state solution, and if equations (19) and (21) both hold, equations
(15) would have two possible non-trivial steady state solutions, from which the larger one
is stable and the smaller one unstable.

Above all, according to the detuning parameter ¢ and the amplitude of the deterministic
harmonic excitation & = \/h§ + k3, the stability area of steady state solution of equations
(15) can be divided into the following three parts, as shown in Figure 1,

area I = {(0,h): 0 <0,h <20./p*+ ¢’} u{(o,h):6>0,h <20f},
area Il = {(o, h): h > 2(1)\/[32 + 0%},

area Il = {(a, h): 0 > 0, 20 < h < 2w./p* + ¢’}.

In area I, only the trivial steady state solution is stable and so the response of equation
(1) will converge to zero for any initial value when #—co. In area II, only the non-trivial
steady state solution is stable and so the response of equation (1) will converge to this
non-trivial solution for any non-trivial initial value when t—oo. In area III, the trivial
steady state solution and the larger steady state solution are stable so the response of
equation (1) may converge to zero or the larger steady state solution for different initial
values.

3.2. BIFURCATIONS OF STEADY STATE RESPONSE AND JUMPS

If o is chosen to be a bifurcation parameter and the intensity of deterministic harmonic
excitation 1 = /hi + ki > 2wp as a constant, when ¢ increases from a small value, the

1.5E-005 1.5E-005
(a) (b)
o 1E-005 1E-005 |
2 5E-006 [ Z 5E-006 | N
GC) >
£ 0 Hh "? 0
(o] (&)
3 kel
< -5E-006 e —5E-006 [—
2
0O _1E-005 H -1E-005 —
_1.5E-005 l l l l L 1 _1.5E-005 l l
500 540 580 620 660 700 -1.5E-005 -5E-006  5E-006
Time (s) Displacement u(t)
0.0030
(c)
o 0.0025
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«  0.0020 -
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S 0.0015 —
=
(&)
2 0.0010 —
wn
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| |
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Figure 5. Numerical results of equation (1): Qo = 1-8, Q1 = 100, s = ko = 2:0, g2 = 1-0. (a) Time history of
u(t); (b) phase plot; (c) spectrum with frequency of u(z).
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variation of steady state response with ¢ is shown in Figure 2 along 4,—A4,— A;. At the
point A,, i.e., when

2 202 2 2 212
6:6]:\/;; 4wﬁ:\/ho+k0 40°B 30)

4o’ 4o’ ’

the steady state response turns from a trivial one to a non-trivial one when ¢ increases;
so o, is a bifurcation point. When ¢ decreases from a large value, the variation of steady
state response with ¢ is shown in Figure 2 along 4;—>A4;— A4,— A4,. At the point 4, i.e.,
when

2 202 2 2 202
0202://1 4wﬁ:/ho+ko 40 31

40° 4w?
the steady state response will jump from 4; to A3, so o, is also a steady state response
bifurcation point.

If 1 is chosen as a bifurcation parameter and o > 0 as a constant, when / increases from
a small value, the variation of steady state response with / is shown in Figure 3. At the

point B;, i.e., when
h=h =2wp*+ o, (32)

(@) (b)

O, N WA~ O
———
i

Displacement u(t)
Velocity u(t)

1500 1550 1600 1650 1700 -5 -4 -3-2-101 2 3 4 5
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400 [—
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200 [—

100 — “
| |
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Spectrum of u(t)

Figure 6. Numerical results of equation (1): Qo = 2:05, Qi = 10-0, hy = ko = 2-0, 6} = 1-0. (a) Time history of
u(t); (b) phase plot; (c) spectrum with frequency of u(z).
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the steady state response will jump from B; to B;. When & decreases from a large value,
the variation of steady state response with / is shown in Figure 3 through D—B;—C. At
point C, i.e., when

h=h=20p, (33)

the steady state response will jump from C to B,, so i and /h, are also bifurcation points.

3.3. NUMERICAL SIMULATION

In the theoretical analyses above, the narrow-band random excitation £(¢) can be
modelled by equation (2) or (3). For numerical simulation it is more convenient to use the
pseudorandom signal given by [8, 11]

20}

{n= |75

i cos (wx t + @x). 34)

k=1

The frequency w; is chosen independently from a random population with probability
density function which is the same as the spectrum of £(¢), and the random phases @;’s
are independent and uniformly distributed in (0, 27). Shinozuka [11] has shown that &(7)
tends to a Gaussian process as N—oo. For the very narrow-band simulations used here,
the spectrum chosen is a simple top-hat type, and the random frequencies w,’s are

(a) (b)
8 8
6 1 6 —
5 4 HH = 4 —
S 27 3 2
@ 2
E off g o
Q o
8 2 s 2
Qo
) 1 4 =
2 4 4
-6 | -6 [~
-8 | | | _8 | | | |
1500 1550 1600 1650 1700 -8 -6 -4 -2 0 2 4 6 8
Time (s) Displacement u(t)
(c)
800
700 —
S 600 —
]
s 500 —
5 400 [—
S 300 —
[}
& 200
100 —
L M,,Mﬂ J \
0 0.1 0.2 0.3 0.4 0.5

Frequency (Hz)

Figure 7. Numerical results of equation (1): Qo =22, Qi =10-0, h = ko =20, o} =10, u(0)= —22,
1(0) = 2-0. (a) Time history of u(¢); (b) phase plot; (c) spectrum with frequency of u(?).
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Figure 8. Numerical results of equation (1): u(0) = 1-1, %#(0) = 1-1 (other parameters are the same as in
Figure 7). (a) Time history of u(t); (b) phase plot; (c) spectrum with frequency of u(z).

distributed uniformly in (Q, — 7/2, 2, + y/2). When N is large enough, Rajan and Davies
[8] show
ES(t) =02,  ECY1) =30t

In the numerical simulation, the parameters in systems (1) and (34) are chosen as follows:
N=500,y=01,¢=01, =05, =01, and o = 1-0.

Figure 9. Frequency response of Duffing system: /iy = ko = 20, @ = 10-0, ¢ = 1:0. ——, Stable solution;
——, unstable solution; O O O, numerical solution.
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The time history of the narrow-band random excitation &£(¢) defined by equation (34)
is shown in Figure 4. The governing equation (1) is numerically integrated by the fourth
order Runge—Kutta algorithm, and the numerical results are shown in Figures 5-8. In
Figure 5, the parameters (o, #) are in area I, so the steady state response is a trivial
solution. In Figure 6, the parameters (o, 2) are in area II, so the steady state response is
a non-trivial solution. In Figures 7 and 8, the parameters (o, /) are in area III, so the steady
state response may tend to the trivial solution (Figure 7) or to the non-trivial solution
(Figure 8), depending on the initial values. Jumps are also observed in the simulation. The
variations of the steady state response with ¢ is shown in Figure 9. The variations of the
steady state response with 4 are shown in Figure 10.

4. PRINCIPAL PARAMETRIC RESONANCE II

Here, the case of principal parametric resonance is considered when Q; ~ 2w but €, is
far from Q,. Introducing the detuning parameter ¢ as follows

Q =2w + ¢, (35)
one has
(Ql — (,O)T() = (UT() + O'Tl.

Using the above equation, the small-divisor term which arise from exp[i(Q2; — w)T] in
equation (11) can be transformed into a secular term. Then, eliminating the secular term
yields

2iwA’ + ifwA + 3ow?A*4 + 1 A[h, (T)) — ik, (T))] exp(ic T)) = 0. (36)

4.1. STEADY SOLUTIONS AND THEIR STABILITY
Substituting equation (22) into equation (36) and separating the real and imaginary parts
of equation (36), one obtains

’_ Bk o h 3 2 2
x—<—2+4wx+ > T ag P — a0 + Yy

, g /11 ﬁ k] 3 5 5
=l -4+ |x -5 = 5 am(x X. 37
y ( 2+4w> +< 3 T dg P e 4+ ) (37)
4
3 //
2 —
\
« S~ o
1 AN
N
AN
0 Fo—o—o0—o0—0%9
-1 | | | | | | |
0.0 05 10 15 20 25 3.0 35 4.0
h
Figure 10. Response of Duffing system: Q, = 10-0, ¢} = 1:0, ¢ = 1-0. ——, Stable solution; ——, unstable

solution; O O O, numerical solution.
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The stochastic Lyapunov function can be constructed as follows
V(T)) = xX(Th) + yX(T)).
From equations (37) one has

, 1 Il + |k
V' = _ﬂV_i‘%(kl x2 4+ 2h xy—klyz)<<_ﬁ+|1|2w|l|>l/’

which yields

2w

V(T) < V(0) eprT (—/3 4+ T Ik (T‘)|> dT, ] (38)

For ergodic random processes A, and k, and large enough ¢, one obtains

IJ <—ﬁ + |/’l1 (T1)|2‘|0‘)|k1 (T1)|> dT1—>—ﬂ +$(E|hl | + E|k1 |),

T

with probability one. From the above equation and equation (38), it can be concluded that
if there exists some positive number ¢, > 0, such that

1
=B+ 5, Elh|+ Elki]) < —ea, (39)

then V(T) will tend to zero while T— oo, so that the trivial solution of equations (37) is
almost certainly stable. If only the second moments of /#, and k;, are known by Schwarz
inequality the sufficient almost certain stability condition of the trivial solution of
equations (37) can be obtained as follows

E(hi + k) < 20°B2
From equation (5) one has
Ehi = Eki = EE(t) = a2,
hence the sufficient almost certain stability condition can be rewritten as
ol < w*f (40)

To obtain the necessary and sufficient almost certain stability condition of equations
(37), its linearized equation is considered in the neighborhood of (0, 0).

YN T2 40 ) T\ 2 T 40 )

y'=<—§+ﬁ;>x+(—§—ﬁ)>«“ @

For ergodic random processes /; and k;, according to Oseledec multiplicative ergodic
theorem [12], it can be concluded that for any initial value (xo, yy) the Lyapunov exponent
of the solution (x(77, xo), y(T1, o)) of equations (41) is

1
A(xo, o) = lim = In ST x0) + (T ). wop.l (42)
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and A(xo, o) can take only the following deterministic values
;Lmin = ;LZ < /11 = j~nm.\‘~

So the almost certain stability of the trivial solution (41) can be determined by the largest
Lyapunov exponent A = A,., i.c., when A < 0 the trivial solution is almost certainly
stable and when 4 > 0 the trivial one is unstable.

By the following transformation

x=acos%, y=—asin%, p=Ina, a#0, (43)
equations (41) can be rewritten as
fa’= —Ea—i—l(k cosn — hysing)
27 T 40! :
d 0 = — 5= (h cos i + ky sin ) (44)
n'=0—5-(hcosny psin g
, g1 .
p = —§+@(k1 cos — hy sin 7).

~

Then the largest Lyapunov exponent is

/’{ = —g + ﬁ YI_LHSZ;.,J; [k[ (T[) COS ;’](T]) — h[ (T]) Sin n(T|)] dT] (45)

4.2. NON-TRIVIAL STEADY STATE RESPONSE

For small intensities of random excitation the values of /&, and k, are small, and so from
equation (45) it is obvious that the largest Lyapunov exponent of equations (41) is less
than 0, i.e., the trivial steady state response is stable. When ¢? of the random excitation
increases, the trivial steady state solution will become unstable and so there will be a
non-trivial steady state solution. To obtain the probability characteristic of the non-trivial
steady state solution, by transformation (14) we rewrite equation (36) as

, B

a = —Ea—l—%(klcosn—hlsinn)

n =0 — 3owa* — ﬁ (h cos n + ki sin i). (46)
Then the first order approximate solution of equation (1) is

u = 2a(et) cos [{221 t— W(;f)} + O(e).

By the averaging technique, equations (46) can be reduced to

__P

a
a = —Ea—l—%hcosH

0’ = o — 3owa* — % sin 0, 47)
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where

k
H=arctanﬁl+n, h=.+k.

1

The temporal average over a fundamental period 27/Q; is implied here. The term
(arctan k; /hy)" has been set to zero.

Since it is difficult to solve equations (17) exactly, we have no choice but to make some
approximation. Since /&, and k, are independent identically distributed Gaussian
distribution N(0, ¢?), it is easy to know that the distribution function of 4 is a Rayleigh
distribution

h h’
flh) = (75 exp<—w>.

Therefore, i takes a value concentrated on its expectation

Eh = %O’g.
Let 4h = h — Eh, we have
E(any =2 =g

When compared with Eh, Ah is a small, so we can use the perturbation method
to solve equations (47). When & = Eh and 4h = 0, equations (47) have the following
solution

1 |:Gil (Eh)Z_W:rrz

- \/w 300 — 3u 4w
Eh
o — 3owa; = 2, Sl 0,

When 4h # 0, let
a=a+ a, 9:00+913

where a; and 6, are small terms. Substituting the above equations into equations (47) and
neglecting the non-linear terms, we obtain the linearized equations

4 = —- a0 Bl sin 00 0, + —— ay cos 0 Al
4w 4w

0 = —6uwan 4 — —— Eh cos 0 0, — —— sin 6, Ah.
2w 2w
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The first and second moments of the solution of the above equations, Ea, and Eaj, can
be obtained by the moment method [1]. For steady state response, one obtains

dEa] _ dEe] _ dEa] Ah _ dEO] Ah _ dEalz _ dE@,z _ dEa] 0[
de ~ de  de dt  dr  dr  dr

=0,
which yields

i dy E/’l Sin 0() EO] = L dy COS 0() EAh
4w 4
1

Eh cos 0o EO, = — = sin 0y EAh
2w

6owa, Ea, + o

1 . 1
a0 @ Eh sin 0, E(4h0,) = 7o, o €08 0y E(Ah)

1 1 .
6awa, E(a, Ah) + 54, 08 0y E(0, Ah) = 5 S 0y E(Ah)*

1 . 1
@ ay Eh sin 60 E(a1 91) = @ dy COS 00 E(al Al’l)

1 1 .
6away E(a; 0)) + 30 Eh cos 0, EOF = —5,, Sin 00 E(41h0))

_ L Ehsin 0y B0} + 2 4y cos 0, E(4h0,) — 6uoar Ea?
4 4w

L

0 Eh cos 0y E(0, a)) — L sin 0y E(a, 4h) = 0.

2w

The above equations have the solution
1
( E@, 4h) = Vo cotan 6y E(4h)*

1

Ea 4h) = — 120wa? sin 6,

E(AhY

1
< E(a1 91) = Fh cotan 90 E(a1 Ah) (48)
cotan? 0,
(Eh)*

1
" (12awa; sin 0,)?

E0? = E(Ahy

Ed E(AhY.

4.3. NUMERICAL SIMULATION
From section 3.3, w;’s are distributed uniformly in

<~Ql — %, Q) + g)

So wi can be written as

Qy = Ql +V(I)k
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From equation (34),

E(t) = 2—](\'}2 z\: cos [(Q1 + ydr )t + @k

k=1

2 N q q
= 2;\"/5 Y |:cos (Q; 1) cos <£ o Ty + o > — sin (£, ¢) sin <£ ar Ty + @ )}

k=1

From equation (2), &, and k, are given by

2 N

62 & "
h(T) = £ Y cos (’ @ T + @& )
N = e

20 & . -
k(T) = — % Y. sin <ch T, + qok>, (49)

k=1

where @,’s are independent and uniformly distributed in (0, 27), @;’s are independent and
uniformly distributed in (—0-5, 0-5). The time history of /; is shown in Figure 11.

Equations (44) are numerically integrated by the fourth order Runge—Kutta algorithm,
and equation (45) is numerically integrated by the Simpson algorithm. In the numerical
simulation, the parameters in systems (1) and (49) are chosen as follows: N = 500, y = 0-1,
e=01, =05 0a=01, w=10.

The variation of the largest Lyapunov 4 governed by equation (45) with ¢ and o7 is
shown in Figure 12 as 1 — (g, 0}) surface. When 1 = 0 the corresponding o}—¢ curve is

2.5
20 @
1.5
1.0
0.5
0.0

0.5

-1.0

-15

-2.0

25

4

o B N W B

<

()

N W

\ \ \ \ \ \ \ \ \ \ \ \
-4
0 200 400 600 800 1000 1200 1400 O 200 400 600 800 1000 1200 1400

Time (s)

Figure 11. Time history of /. (a) y = 0-02; (b) y =0-1; (c) y =0-5; (d) y = 1-0.
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1.2‘1

Figure 12. Largest Lyapunov exponent of Duffing system.

shown in Figure 13, which is the almost certain stability boundary of the trivial
steady state solution of equations (41). When (o, 0?) is located above the curve,
the corresponding trivial steady state solution is not stable; while it is located below
the curve, the corresponding trivial steady state solution is stable. The numerical
results of the stability boundary of equation (1) by different methods are shown in
Figure 14.

As the random excitation g7 becomes larger, equation (1) will have a non-trivial steady
state solution. When ¢% = 100, the first and second steady state moments governed by
equations (48) are shown in Figure 15 while ¢ changes from —2 to 2. For comparison
in Figure 15, the numerical result of equation (1) is also shown. When ¢ = 1-0 the
variations of Fa and Ea* with g7 are shown in Figure 16. When ¢ = —1, /i = ky = 2 and

20

o

S}

Figure 13. Stability area of Duffing system.
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Figure 14. Stability area of Duffing system.
equation (40); O O Q, stability area via simulation.

, Stability area via equation (45); - - - -, stability area via

Q, = 10, the time histories of u(z) governed by equation (1) for several different values of
o? are shown in Figure 17.

5. PRINCIPAL PARAMETRIC RESONANCE III

Here, the case of principal parametric resonance is considered when Q, = Q, ~ 2w.
Introducing the detuning parameter ¢ as follows

Q)= Q, =2w + ¢o, (50)
one has
(Qo— )Ty =(Q,— w)T), =wT,+ oT).
By the above assumption, eliminating the secular terms in equation (11) yields

2imA’ + ipwA + 30w A*A + 1 Ahy + hy — i(ko + k)] exp(icT)) = 0. (51)

Figure 15. Frequency response of Duffing system: /o = ko = 2:0, Q= 10-0, ¢ = 100-0. (a) Ea; (b) Ea*
, theoretical solution; O O O, numerical solution.




502 H. RONG ET AL.
30

(b)

o | I 1 1 1 | oL 1 1 |
0 10 20 30 40 50 60 70 80 90 100 O 10 20 30 40 50 60 70 80 90 100

2
g¢

Figure 16. Steady state response of Duffing system: /o = ko = 2:0, Qo =100, ¢ = 1:0. (a) Ea; (b) Ea*
, theoretical solution; O O O, numerical solution.

5.1. TRIVIAL STEADY STATE RESPONSE

Substituting equation (22) into equation (51) and separating the real and imaginary parts
of equation (51), one obtains

1E-009 8
se-o010 (f (@) 6
6E-010
4E-010 4
2E-010 2
0 WAIMMNMWWWWW——— 0 ?
—2E-010 P
~4E-010 .
T -6E-010 B
3 -8E-010 -6
S _1E-009 —! -8
g
Q 10 15
= 8- ()
2 6 10 —
!
4 il { |
'"”a}“}'\’» ;"“' | SRV I ;l ‘i i
"“ﬁw;s‘” | ‘w“" ! » ! [" Wi i i i i
L e o O R
—2_ cetin R AR ”HM!;H i i
2 Al i s A
_ ‘r
‘2 0
—_ i
Y 1 1 1 I R S 1 1 1 1
1050 1150 1250 1350 1450 1050 1150 1250 1350 1450
Time (s)

Figure 17. Frequency response of Duffing system: /sy = ko =20, Q = 10-0. (a) o =1:0; (b) ¢ =9-0;
(©) ao? = 25:0; (d) a2 = 100-0.
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’_ E ko + ki o ho + 3 2 2
x—<—2+ 1o Kt 3T, y —3aw(x? + y?)y

y'= <_g + h“4tuhl>x " <_§ - k04tokl>y +300(x* + y)x. (52)

Using a similar technique as shown in section 4.1, we obtain the sufficient almost certain
stability condition of the trivial steady state solution of equations (52) as follows

G} <iQop—Jm+ kP i+ k< 20p. (53)

To obtain the necessary and sufficient almost certain stability condition of equations
(52), its linearized equation is considered in the neighborhood of (0, 0)

~

(B ket ki o hh+h
X _< 2+ 4o X + 2+ 40 )y

<
, _E ]10—|—h1 _ﬁ_ko+k1 (54)
y‘( 2% a0 >x+< 27 o >y'

Substituting equations (43) into equations (54), one obtains
(a’z_ﬁa-yi[(k + ki) cosn — (ho + hy) sin ]
24T gy W T ) COSIT = o o fn) S

< ,7’:g-i[(kﬁ—hl)cosn+(ko+k1)Sinn] (39
’=_E+i[(k + ki) cos 5 — (ho + M) sin 7]
Pr= Ty T g W ) cos i = U mm fn) St L

-~

Then the largest Lyapunov exponent of the trivial steady state solution of equations (54)
may be found as

, 1.1 (" .
A= _§+4wl§2T£ [(ko + k1) cos n(Ty) — (ho + hy) sin y(T1)] dT:. (56)

When A < 0 the trivial solution is stable, when 4 > 0 the trivial solution is unstable.

5.2. NON-TRIVIAL STEADY STATE RESPONSE

For small ¢}, when the parameters (o, \/h; + kq) of equation (51) are located in area
I or III, equation (51) has only a trivial steady state response. As a7 gets larger, the trivial
steady state solution will become unstable. When the parameters (o, \/ hi + k3) of equation
(51) are located in area II, equation (51) will have a non-trivial steady state solution. To
obtain the first and second steady state moments, we use transformation (14) and rewrite
equation (51) into

, B

@ =—5a+ % [(ko + k1) cos iy — (ho + h1)sin 1]

n=0— 3awa2—ﬁ[(ho+h,)cosn + (ko + ki) sin 7]. (57)
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Then the first order approximate solution of equation (1) takes the same form as shown
in equation (16). Hence, by taking temporal average, equations (57) can be reduced to

’ _E a
a = 2a—l——4whcos(9
0 =0 — 3owa® — e sin 0, (58)
2w
where
ko + k
0 = arctan ;" I . = ot Y + G+ k)

Here the fast varying terms such as (i, + i)W, and (ko + ki) W>, and the small terms such
as yk; (ho + h) and yh (ko + k1), i.e., (arctan (ko + ki)/(ho + h1))" are set to zero in the
reduction of equations (57) to (58). Equations (58) have the same form as equations (47),
and so the discussions in section 4.2 are also available here, except Eh and E(4h)* in
equations (48) should be changed to

Eh = E/(h+ ) + (ko + ki)’

A

+oo P+ 2 2
= laj J \/(ho +x)° + (ko + p)’ exp<_x 2—;)} > dx dy (59)

2716}
- — o

L E(Ah)? = 262 — (Eh)* + B} + ki.

From equations (48) the first and second steady state moments Ea and Ea® of equation

(51) can be obtained.
When the parameters (o, \/ hy + ki) are located in area IT or III and 67 = 0, the steady

state response of equation (51) corresponds to (ao, 70), Which satisfies equations (17). When

the random excitations o7 are small, the first and second steady state solution of equations

(57) can be obtained by perturbation method by assuming

a=a+ ai, n=no+n, (60)

where a; and #, are small terms. Substituting equations (60) into equations (57) and
neglecting the non-linear terms, we obtain the linearized equation

s 1 . .

ai =~ (ky cos ny — hy sin ny)a; — % [(ko + k1) sin 1o 4 (ho + hy) cos el
+ (K, cos o — Iy sin 1)

40 1 COS 1o 1, SIN #o

ni = —6oway, a; + [—[3 + i (—ky cos iy + hy sin 110)}71 (61)

1 .
%% (hy cos 1y + k, sin #y).
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where i, and k, are governed by equations (5). Ea and Ea’ can be obtained by moment
method. For the steady state moments, one has

‘dEa] _ dET’]] _ dEa] h| _ dEa] k[
Ya TTde T A T i

ode T dr T dr T dr T

with Ehi = Ek? = o?. The above equations yield

1 . .
a0 (cos 1o Ea, ki — sin ny Ea, ) — 4% (ko sin iy + ho cos 1) En,
— % (Sil'l No E171 kl + cos No E’/Il h]) =0

—6oaway Ea, — PEn, + % (sin 1o Eny hy — cos o Eni ki) = 0

ay .
—— sin 1y 0}

%Eal I + 4% (ko sin o + o cos ) En y = — 2

% Ea k, + % (ko sin 1o + ho cos no)En ky = ‘% oS 1o 07

7 1
6awa, Ea, hy + </3 + g)Enl h = —75,, COS Mo a2
y 1 .
6oway Ea, ki + (ﬁ + 3>E;71 k= —75g, Sin Mo a?

(ko sin No + ho COSs 1’]0)Ea1 N1 = COS Ny Ea1 k] — sin No Ea1 /’l]

1 1 .
E}’]% = _ﬁ |:120€(,()Cl0 Ei’[l a, + a (COS No Eﬂ] hl 4+ Sin 1’]0E}11 k]):|

1

T 6owag

E‘al2 |:_4a((()) (ko sin No + /’l() COS 110)E1’]12 — ﬁEal N

1 . .
%% (cos no Eay hy + sin no Ea, k) + f—cou (cos 1o Eny ki — sin iy En, h,)}
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where 7 = y/e. The solutions of the above equations are

~

1 o
Ea, h, = |:a) Ay cosny — (2B + 7) sin 110:|Ma;wo§

1 . -
Ea, ky = |:wA1 sin o + (2 + 7) cos 170:|2Aa°wo§
2

Eny hy = (6awai sin 17, — 7 cos 1) ﬁ o}
2

\ Em ki = —(6awa; cos 1o + 7 sin 1) A%w a? (62)
Fam = ZBAT ! 2A‘120w a;
Eny = ZﬁAJrl 37 2A12 _ o
L b = 60!:0610 |:_B(2ﬁA—:_ 37) + 60(a(z):| 2A12 p gg)

where
Al :ko sin i’]o-’-ho cosn, Az = (2ﬁ+ )7)'}7— 60{031{0 Al.

Since (ao, 10) satisfies equations (17) and 4, < 0, from equations (62) we can conclude that
Ea, > 0, i.e., the random excitation changes the response of the system from a limit cycle
to a diffused limit cycle and the radius of the cycle will become large when a7 increases.

\ N
NS
AN
AR
AN

Figure 18. Largest Lyapunov exponent of Duffing system: 5 = ko = 0-5, Q) = Q,.
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20

N

N}

Figure 19. Stability area of Duffing system: /o = ko = 0-5, Qo = Q.

By a similar technique as used in section 5.1, the largest Lyapunov exponent of the
solutions @; and #, can be obtained as

’

@ =(c;— )+ (c2+ ¢3)cos @ + (¢4 — ¢p) sin @
g .1 (" .
A= ) +3 ?m T [(c1 — ¢4) cos @(T) + (c2 + ¢3) sin @(T1)] d T3, (63)
-0 o
where
= — hy sin 1)
61_460 1 COS 1o 1, S1N Ho ),
¢ = =g [(ko + o) sin oo + (ho + ) cos 1],
Cy = —6060)00,
= —ﬁ+i(h sin 1o — ki cos 1)
Cy = 20 Y No 1 No)-
-5 | | | | |
-3 -2 -1 0 1 2 3
o
Figure 20. Stability area of Duffing system: /i = ko = 0-5, Qo = Q,. ——, Stability area via equation (45); - - - -,

stability area via equation (40); O O O, stability area via simulation.
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1.2 1

1.0 1

0.8 1
0.6 1

0.2
0.0 1
-0.2

-0.4°

Figure 21. Largest Lyapunov exponent of Duffing system: ¢ = 1-0, Qo = Q.

5.3. NUMERICAL SIMULATION

In the numerical simulation, the parameters in systems (1) and (49) are chosen as follows:
N=500,y=01,e=01,5=05a=01, w=10. When hy = ky = 0-5, the variation of
the largest Lyapunov A governed by equation (56) with ¢ and o7 is shown in Figure 18
as A — (g, o}) surface. When A = 0 the corresponding ¢i—¢ curves are shown in Figure 19.
The numerical results of the stability boundary of equation (1) are shown in Figure 20.
Figure 21 shows the variation of the largest Lyapunov exponent A governed by equation
(56) with ¢ and h = . /hj + ki, when 62 = 1-0. When 1 = 0, the corresponding stability
boundaries are shown in Figure 22. When o2 = 100, the theoretical solutions governed by
equations (59) and (48), and the numerical results of equation (1) are shown in Figure 23.
When 5y = ko = 2, the theoretical and numerical results are shown in Figure 24. When
o: =01, hy = ko = 2, the theoretical solution governed by equations (62) is compared with
the numerical result of equation (1) in Figure 25. When /, = ko = 2, the variation of the
largest Lyapunov exponent 4 of equations (63) is shown in Figure 26 as A — (o, 6?)

Figure 22. Stability area of Duffing system (Qy = Q).
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35
(b) Jﬁ
30 0

25

L 20
@

15

10 —

0 1 1 L 0 1 L 1 1
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 23. Frequency response of Duffing system: /iy = ko = 2-0, Qo = Qi, 6 = 100-0. (a) Ea; (b) Ea> —,
theoretical solution; O O O, numerical solution.

surfaces. When 1 =0, the corresponding ¢i—o curve is shown in Figure 27. In
Figures 28-30, the numerical results of equation (1) are shown when o = 1, hy = ko = 2,
and it can be seen that the responses of equation (1) are diffused limit cycles when o}
increases.

5.4. BIFURCATION AND JUMPS

While considering the almost certain stability bifurcation, the largest Lyapunov
exponent A can be treated as a bifurcation indicator. When 4 < 0 the solution is stable and
when A > 0 the solution is unstable. If 47 is chosen to be the bifurcation parameter and
h=./hi + ki, o to be constant, when o7 increases from a small value, the trivial solution
of equation (51) will become unstable and the bifurcation of the steady state response is
shown in Figure 19. If |g| is chosen to be the bifurcation parameter and o7 to be constant,
the trivial solution of equation (51) will become unstable and the bifurcation of the steady
state response is also shown in Figure 19. If / is chosen to be the bifurcation parameter
and a%, ¢ to be constants, when / increases from a small value to a certain threshold value,

[ | [ | | | | | | | | | [ | |
0 10 20 30 40 50 60 70 80 90 100 O 10 20 30 40 50 60 70 80 90 100

o?
¢

Figure 24. Steady state response of Duffing system: /o = ko = 2:0, Qo = Qi, ¢ = 1:0. (a) Ea; (b) Ea> ——,
theoretical solution; O O O, numerical solution.
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4 16
(a) 14 — (b)
3 12
5 10
g B
1 6
4
0 2
0
_1 \ \ \ \ \ 2 | | | | |
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
o

Figure 25. Frequency response of Duffing system: /i = ko= 2-0, Qo= Q, o?=0-1. (a) Ea; (b) Ea*
, theoretical solution; O O O, numerical solution.

the trivial solution of equation (51) will become unstable, and the bifurcation of the steady
state response is shown in Figure 22.

When the parameters (o, /) are located in area III and 62 = 0, from section 2 it can be
seen that equation (51) has two kinds of steady state solutions, i.e., trivial and non-trivial
solutions dependent on different initial values. For small o7 these two steady state solutions
are stable, which can be observed in the numerical simulation. For small ¢7 jumps are also
observed.

6. PRINCIPAL PARAMETRIC RESONANCE IV

Here, the case of principal parametric resonance is considered when Q, ~ 2w, Q, ~ 2w,
Q, # Q,. Introduce the detuning parameters ¢ and « as follows

Qy=2w + ¢o, Q=0Q)+ ex =2w + ¢(o + K).

1.8 ¢
(IR 16
1.6 \\\\\\\\\\\\\\\\\\\\\\\\ 14
L4 \\W\\\\\%\&\ 1.2
L2 T i R R 1.0
Nk
N

Figure 26. Largest of the perturbation solution: /iy = ko = 20, Qo = Q.
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0 \ \ [ L | \ \
-15-1.0 -05 0.0 05 1.0 15 20 25 3.0

g

Figure 27. Stability area of the perturbation solution; s = ko = 20, Q) = Q.

After eliminating the secular terms in equation (11), one has

2iwA’ + iPwA + 30w A*A + L A(h, — iky) exp(icT))

+ L A(hy — ik)) exp(i(c + x)T)) = 0. (64)
(a) (b)
6 8
6
o 4
5 | = 4
£ 2| 5 2
> |
g o S 0
8 4 )
5 2 e~
2 -4
0 _4H
_6 ;
" ] | s L
2000 2050 2100 2150 2200 2250 2300 -6 -4 -2 0 2 4 6
Time (s) Displacement u(t)
(c)
400
350 —
o 300~
S 250 —
£
2 200 [
5
o 150 —
o
Y 100 -
"L WMW
0 AAAAI\ MAAAAAARL L

0.0 0.1 0.2 0.3 0.4 0.5

Frequency (Hz)
Figure 28. Numerical results of equation (1): Ay = ko = 2:0, Qo = Qi, 62 =0-1. (a) Time history of u(r);
(b) phase plot; (c) spectrum with frequency of u(z).
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Substituting equation (22) into equation (64) yields

~

’_ B ke g h 3 2 2\5,
X _<_2+4cu X+ {3+, e+
+ﬁ [(xk, + yhy) cos (kT\) — (xh — k) sin (k)]

’_ o h B ke s 24 42

+ ﬁ [(xh) — yki) cos (kT)) + (xk, + yh) sin (xT)].

~

By a similar technique as used in section 4.1 one can obtain the sufficient almost certain
stability of the trivial steady state solution of equations (65) as follows

Displacement u(t)

-8

o N A O

ol <k Qup— BT RR itk <20p. (66)

(a)

Velocity u(t)

| | ] |

2000 2050 2100 2150 2200 2250 2300 -8 -6 -4 -2 0 2 4 6 8

450
400
350
300
250
200
150
100

50
0

Spectrum u(t)

Time (s) Displacement u(t)

()

! |

0.0 0.1 0.2 0.3 0.4 0.5

Frequency (Hz)

Figure 29. Numerical results of equation (1): hy = ko = 2:0, Qo = Qi, 62 =4-0. (a) Time history of u(r);

(b) phase

plot; (c) spectrum with frequency of u(z).
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(@) (b)
15 20
15 —
. 10
fa?) 10 —
> =
2 5 =1 —
Z z
g O s T
s 5 s o
=3 >
.g -10 —
-10 _15
_15 | | | | | 20
2000 2050 2100 2150 2200 2250 2300 -15 15
Time (s) Displacement u(t)
(c)
600
500
S 400
‘S
g 300
b
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Q.
n
100
| ]
0 0.1 0.2 0.3 0.4 0.5
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Figure 30. Numerical results of equation (1): & = ko = 2-0, Qy = Qi, 2 = 100-0. (a) Time history of u(¢);
(b) phase plot; (c) spectrum with frequency of u(z).

Since equations (65) contain the random terms /i, k and the time-varying
terms sin k73, cos Ty, it is difficult to obtain the sufficient and necessary stability
conditions of the trivial solution. For the same reason it is difficult to obtain the steady
state moments.

0 20 40 60 80 100 0 20 40 60 80 100

2
¢

Figure 31. Steady state response of Duffing system: /i = ko = 0-5, Qy = 2:0. (a) Ea; (b) Ea*
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Substituting equation (14) into equation (64) yields

a = —ga + % [(kocosn — hgsinn) + kycos (n + kT1) — hysin (n + k1))

1 . .
n =0 — 3awa* — %0 [(ho cos n + ko sinn) + hy cos (n + kTy) + ki sin (n + «kT)].  (67)

When (o, /) are located in the parameter area II or III and 62 = 0, equation (64) has

a non-trivial steady state response (ao, 70). When ¢? is small, the steady state moments
governed by equation (64) can be obtained by the perturbation method. Let

h = o:h, ki =o0:k, a=a+o:a+ -, n=no+o:m+---. (68)

Substituting equation (68) into equations (67), and equating coefficient of like power of
o:, one obtains
do

al = io [— (ko sin 170 4 ho cos 1ol + ki cos (1o + Ty) — Iy sin (o + kT1)]

1 - - .
ni = —6oawa, a, — iy — 30 [ cos (o + kT)) + ki sin (o + xT7)]. (69)

The steady state moments Ea,, Ea} can then be obtained by the modal analysis method
[9, 13].

Since it is difficult to analyze equation (1) theoretically in this case, the numerical
simulation is done here. In the numerical simulation, the parameters in systems (1) and
(49) are chosen as follows: N =500, y =0-1, e=0-1, f =05, 2 = 0-1, o = 1-0.

It is found that the effects of the random excitation are similar to the case in the principal
parametric response II1, i.e., when o7 increases, the trivial steady state solution of equation
(1) may lose its stability and the non-trivial steady state solution may be changed from
a limit cycle to a diffused limit cycle. Under some conditions the system may have two
steady state solutions and jumps can be observed. When h, =k, =05 Q,=2-0,
Q, = 2 + 0-1x, the numerical results of the response of equation (1) are shown in Figure 31.
When hy = ky =20, =20, Q, =2 + 0-1k, the numerical results of the response of
equation (1) are shown in Figure 32.

0.0 20 40 60 80 100 0 20 40 60 80 100
%

Figure 32. Steady state response of Duffing system: /i = ko = 2-0, Qo = 2:0. (a) Ea; (b) Ea*
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7 CONCLUSION

For the first time, the method of multiple scales is used to investigate the principal

resonance of a Duffing oscillator to combined deterministic and narrow-band random
parametric excitations. Theoretical analyses and numerical simulations show that: (1)
When the intensity of the random excitation increases, the trivial steady state solution may
lose its stability and the system may have a non-trivial steady state solution. (2) When the
intensity of the random excitation increases, the non-trivial steady state solution may

ch

ange from a limit cycle to a diffused limit cycle. (3) Under some conditions the systems

may have two steady state solutions. (4) Under some conditions jumps may exist.

10.
11.

12.

13.
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